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Abstract
A four-dimensional regularization of Lovelock-Lanczos gravity up to an arbitrary curvature or-
der is considered. It generalizes previous results by Tomozawa and others [1–3], showing that a
Gauss-Bonnet term can provide a non-trivial contribution to the Einstein field equations, for four
dimensional spherically symmetric and Friedmann-Lemaˆıtre-Robertson-Walker spacetimes, as well
as at first order in perturbation theory around (anti) de Sitter vacua in four dimensions. We will
discuss the cosmological and black hole solutions arising from these theories, focusing on the pres-
ence of attractors and their stability for the former. Although curvature singularities persist for
any finite number of Lovelock terms, it is shown that they disappear in the non-perturbative limit
of a theory with a unique vacuum.
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I. INTRODUCTION
The Lovelock theorem [4] states that the most general (purely metric) gravitational theory
leading to second order field equations in d-dimensions, for any class of metric field, is given
by the Lovelock-Lanczos action. In four dimensions and for generic values of the coupling
constants, the theory reduces to General Relativity (GR) with a cosmological constant
[5]. This is because the field equations associated with higher order Lovelock scalars are
identically vanishing in this case.
There are different ways to circumvent the Lovelock theorem in the metric formalism,
without introducing additional fields. One consists in considering theories leading to second
order field equations only for specific classes of metric fields. This is usually the case in
Quasi-Topological gravity theories [6, 7] and Non-polynomial gravity theories [8–10].
There are other less explored ways, though. For instance, let us consider the Einstein
tensor with a non-generic coupling containing a dimensional pole Gµν/(d− 2). Clearly, this
expression is indeterminate for d → 2 as the Einstein tensor is identically vanishing in this
case. Therefore, such theory is not automatically contained within the assumptions of the
Lovelock theorem. Nonetheless, it is not clear if these kind of theories are well-defined, in
the sense that one could assign a finite covariant limit to such indeterminate expressions for
arbitrary metric fields. In fact, it was pointed out to us by C. Lin that this regularization
of two-dimensional General Relativity has been shown to be well-defined in [11]. To the
best of our knowledge, it is the oldest reference to such a dimensional regularization of a
Lovelock-Lanczos scalar.
A similar argument was used for the first time in the four dimensional case by Tomozawa
[1], who considered the following regularized Einstein-Gauss-Bonnet theory
S =
∫
ddx
√−g
(
R +
α
d− 4G
)
, (1)
where G ≡ R2− 4RµνRµν +RµνρσRµνρσ. He showed that when the corresponding field equa-
tions are evaluated for a static spherically symmetric ansatz, then it becomes possible to set
d = 4 without cancelling the contribution coming from the Gauss-Bonnet term. The result-
ing theory admits a black hole solution with a repulsive gravitational force near the time-like
singularity r → 0. Note that the same black hole has been found in different contexts, both
related to quantum corrections to gravity. For instance, in Horˇava-Lifshitz gravity [12]
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and as a solution of the semi-classical Einstein equations with conformal anomaly [13]. Its
geodesic structure as well as its quasi-normal modes and stability have been investigated
recently in respectively [14] and [15]. Moreover, the charged case was investigated in [13]
and more recently in [16], while the AdS black holes and their thermodynamics were found
and discussed in [17, 18]. Finally, a rotating generalization has been studied in [19, 20] using
the Newman-Janis algorithm.
Using the same theory, Cognola et al. [2] showed that the entropy of this black hole
is logarithmic in its area, which motivated an interpretation of these terms as quantum
corrections. In fact, it is well-known that such a behaviour of the entropy typically arises
when quantum effects are taken into account, see for example [21, 22]. Moreover, they
also established that the flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) sector of this
theory is well-defined when taking the limit d→ 4.
More recently, Glavan and Lin further extended the applicability of this theory to first
order in perturbation theory around (A)dS4 vacua, showing that this theory only contains
the degrees of freedom of a massless graviton, as in GR [3]. This was a very crucial result
to assess the viability of this theory, as it indicates that it does not suffer from ghost-like
instabilities. Even if not sufficient, this is a strong indication that the regularization of
Lovelock-Lanczos gravity is a well-defined procedure.
Finally, one of us showed that non-singular black hole and cosmological solutions can be
found considering non-perturbative curvature corrections, i.e. the whole Lovelock-Lanczos
series [10] (see Chap. V, Sec. E.2.).
Throughout the literature on black holes, FLRW cosmology and perturbations in the
context of higher dimensional Lovelock-Lovelock gravity, this specific normalization of the
coupling constants has been very common to avoid the presence of dimensional factors in the
solutions, see for example [23–25]. Therefore many results that were thought to be related
to higher dimensions might be applicable as well in 4D. However, the four-dimensional inter-
pretation of these theories (either as quantum corrections [1, 2] or additional classical terms
in [3]), as well as their observational consequences have not yet been studied extensively.
In this paper, we extend the previous results for any Lovelock-Lanczos term of arbitrary
curvature order, focusing on the previously mentioned sectors for which the limit d → 4
has been shown to be well-defined. We study the first order perturbations around (A)dS4
in Sec. II A, the cosmological solutions with arbitrarily curved spatial sections in Sec. II B,
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and the spherically symmetric solutions in Sec. II C. Note that the generalization to higher
order Lovelock-Lanczos terms and the associated black hole solutions and thermodynamics
has also been investigated very recently in [26].
In the second part we focus on the truncated regularized Lovelock-Lanczos theory at
cubic order in the series. We find the solutions of the Einstein equations for a curved FLRW
metric, in the presence of a generic barotropic fluid. Restricting to the flat FLRW case, by
using a stability analysis, we find that de Sitter critical points are always stable attractors
of the evolution. The behaviour is similar to what happen with GR. The main difference
lies on the fact that the de Sitter points can be generated also with vanishing cosmological
constant, and they live in different disconnected sectors of the space of solutions. We also
find explicit solutions for the scale factor in vacuumin the case the initial singularity is
replaced by a regular cosmological bounce. We find that, as in GR, bouncing solutions are
allowed only in closed spacetimes.
Finally, in Sec. III C, a one-parameter family of black hole solutions is found in the cubic
case. They constitute a very natural generalization of the quadratic solution, and, although
they possess a curvature singularity, the divergence of curvature invariants is milder than
in the standard case. This class of solutions is then generalized to arbitrary high order
truncation, allowing us to deduce that the central singularity of these black holes disappear
in the non-perturbative limit.
Throughout the whole paper we consider c = 1 and 16piG = 1.
II. REGULARIZED LOVELOCK GRAVITY
In this section we review some general results on the Lovelock-Lanczos theory, and intro-
duce the regularization. We consider the following action in d dimensions
S =
∫
ddx
√−g
[
t∑
p=0
αp Lp (R,Rµν , Rµνρσ)
]
+ Sm , (2)
where the first part is the Lovelock–Lanczos action in d dimensions, and the second is the
term containing the matter contribution. The parameter t is called the order of the Lovelock
gravity, αp are coupling constants and Lp are functions of the curvature scalar and tensors,
which are defined as
Lp = 1
2p
δµ1ν1...µpνpσ1ρ1...σpρp
p∏
r=1
Rµrνrσrρr , (3)
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where δ
µ1ν1...µpνp
σ1ρ1...σpρp is the generalized Kronecker delta. Note that the coupling constants αp
have mass dimension [M ]2(p−1). The explicit definitions for Lp with p = 1, 2, 3 are
L0 = 1 , (4)
L1 = R , (5)
L2 = R2 − 4RµνRµν +RµνρσRµνρσ ≡ G , (6)
L3 = R3 − 12RRµνRµν + 16RµνRµρRνρ + 24RµνRρσRµρνσ + 3RRµνρσRµνρσ
− 24RµνRµρσκRνρσκ + 4RµνρσRµνηζRρσηζ − 8RµρνσRµ νη ζRρησζ . (7)
In particular, note that Eq. (6) corresponds to the Gauss-Bonnet term G. The case t = 1
corresponds to the Einstein-Hilbert action with a cosmological constant Λ0 provided we set
α0 = −2Λ0 and α1 = 1.
The field equations of the theory can be computed varying the action in Eq. (2) with
respect to the metric gµν . The result is
Gµν =
t∑
p=0
αp G(p)µν =
1
2
Tµν , (8)
where Tµν is the stress-energy tensor, coming from the variation of the matter part Sm of
the action in Eq. (2), and
G(p)αβ
[
gµν
]
=
gαγ√−g
δ [
√−gLp]
δgγβ
= − 1
2p+1
δ
αµ1ν1...µpνp
βσ1ρ1...σpρp
p∏
r=1
Rµrνrσrρr . (9)
By construction, Eq. (9) identically vanishes for d ≤ 2p, because of the totally antisym-
metric Kronecker delta in its definition. By first making a d-dependent rescaling of the
coupling constants αp to implement the regularization discussed above, and then by fixing
the dimension of the manifold, we find non-vanishing contributions to the field equations
from generic Lovelock terms.
In the following, we focus on some specific parametrization of the metric fields: the
(A)dS metric and the first order perturbations around it, the FLRW sector as well as static
spherically symmetric gravitational fields.
A. (Anti) de Sitter solutions and perturbations
In this section we will discuss the (anti)-de Sitter solutions of Eq. (8) and the corre-
sponding first order perturbation equations. We take into account the possibility that the
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Lovelock terms produce an effective cosmological constants Λ which differs from Λ0, which
we will call bare cosmological constant (2).
For an (anti)-de Sitter spacetime, denoted with a metric g¯, the components of the Rie-
mann tensor reduce to the maximally symmetric form
Rµνσρ = Λ (g¯µσg¯ρν − g¯µρg¯σν) . (10)
The field equations of each Lovelock scalar simplifies to
G(p)νµ [g = g¯] = −
1
2
(d− 1)!
(d− 2p− 1)!Λ
pδνµ . (11)
Therefore the (A)dS vacua can be obtained by solving the polynomial equation
Λ0 − (d− 1)(d− 2)
2
Λ− 1
2
t∑
p=2
αp
(d− 1)!
(d− 2p− 1)!Λ
p = 0 . (12)
As expected, these contributions vanish for d ≤ 2p. However, if we apply the regularization,
i.e. if one redefines the coupling constants αp as
αp =
(d− 2p− 1)!
(d− 3)! α˜p , (13)
the field equations are no longer vanishing for d ≤ 2p, because the poles in αp cancel
precisely the zeros of (11). Therefore, by considering the limit d→ 4 only at the end of the
computation, it is possible for the Gauss-Bonnet and the L3 terms to introduce non-trivial
contributions to the equations of motion. The same is true for any p ≥ 2. For instance,
setting Λ0 = (d− 1)(d− 2)Λ˜/2, the equations of motion for t = 3 substantially simplify and
read
(d− 1)(d− 2)
2
(
Λ˜− Λ− α˜2 Λ2 − α˜3 Λ3
)
= 0 , (14)
where all the dimensional dependence of this field equation is contained in its pre-factor.
Because of this property, from now on we consider Λ˜ as the bare cosmological constant, and
set α˜2 = α, α˜3 = β. Note that, in the GR limit (α = β = 0) we consistently find Λ = Λ˜.
From Eq. (14) we can also find the relation between the effective cosmological constant
Λ and the bare cosmological constant Λ˜. For example, in the case β = 0, we obtain two
possible values
Λ± = − 1
2α
(
1±
√
1 + 4αΛ˜
)
(15)
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which, in the case Λ˜ = 0 (= Λ0), gives two solutions: Λ = 0 and Λ = −1/α. Therefore, we
find that an (anti)-de Sitter solution to the generalized equations of motion exists, even in
the absence of a bare cosmological constant. 1 In particular, if α < 0 and small, we have
a de Sitter solution with a very large effective cosmological constant, which recovers GR at
low curvature.
We now focus on the derivation of the linearized perturbation equations. The background
solution is the (A)dS solution found above. We set
gµν = g¯µν + hµν , (16)
where hµν represents the first order perturbation to the (A)dS background g¯µν . The per-
turbed equations of motions read
G(p)νµ [g = g¯ + h] =
p
2
(d− 3)!
(d− 2p− 1)!Λ
p−1P νµ , (17)
where the tensor P is defined by
P νµ =∇µ∇ρhνρ +∇ρ∇νhµρ −hνµ −∇ν∇µh+
+ δνµ (h−∇σ∇ρhρσ) + (d− 2)Λ
(
δνµh− hνµ
)
. (18)
where h = hµµ. Therefore, it is still possible to use the previous rescaling of the coupling
constant α˜p, so that the first order field equations are not vanishing for d ≤ 2p
1
2
(
1 +
t∑
p=2
p α˜p Λ
p−1
)
P νµ = 0 . (19)
As the tensor P is independent from the order p of the Lovelock scalars, this shows that the
perturbation spectrum is indistinguishable from the one of GR, at least at the first order in
the perturbations and provided that 1 +
∑t
p=2 p α˜p Λ
p−1 6= 0. This result is in accordance
with the findings of [3] for the case t = 2.
B. Friedmann-Lemaˆıtre-Robertson-Walker solutions
In this section we focus on the equations of motion of Lovelock gravity for a curved FLRW
spacetime. We consider the metric
ds2 = −dt2 + a(t)2g(n+1)ij dxidxj = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2n
)
, (20)
1 Note that the existence of (anti)-de Sitter solutions in modified gravity theories should not be taken for
granted, see for example [27].
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where dΩn is the line element of the n = d− 2 hyper-sphere; a(t) is the scale factor; k is the
space curvature (k = 0 is the flat space, while k > 0, k < 0 describes respectively a closed
and an open geometry for the spatial sector). With this metric we obtain
G(p)00 = −
1
2
(d− 1)!
(d− 2p− 1)!J
2p , G(p)00 − G(p)11 = p
(d− 2)!
(d− 2p− 1)!J
2(p−1) (Q2 − J2) , (21)
where we defined
J2 = H2 +
k
a2
, Q2 = H2 + H˙ . (22)
Here H(t) = a˙(t)/a(t) is the Hubble parameter and the dot stands for the derivative with
respect to the cosmological time coordinate t. These terms have the special property that, if
evaluated on de Sitter manifolds, they are invariant under change of k. Indeed, the de Sitter
solution with metric (20) yields a(t) = exp(H0t) for k = 0, a(t) = cosh(H0t) with k = H
2
0 ,
and a(t) = sinh(H0t) with k = −H20 . In all cases the Ricci scalar is R = 12H20 and, more
importantly, J2 = Q2 = H20 for all k [28, 29].
Once again, we see that the field equations vanish for d ≤ 2p. However, in terms of the
rescaled constants α˜p, the d-dimensional Friedmann equations become
G00 = Λ0 −
(d− 1)(d− 2)
2
t∑
p=1
α˜pJ
2p = −ρ
2
, (23)
G00 − G11 = −(d− 2)
(
J2 −Q2) t∑
p=1
p α˜p J
2(p−1) = −(ρ+ P )
2
, (24)
of which we will consider the limit d→ 4. In the Friedmann equations above we introduce
a minimally coupled perfect fluid with energy density ρ and pressure P , which obeys the
usual conservation equation in d dimensions
ρ˙+ (d− 1)H(ρ+ P ) = 0 . (25)
C. Spherically symmetric solutions
Finally, we consider the equations of motion for a spherically symmetric spacetime. We
consider the static metric
ds2 = −A(r)B(r)2dt2 + 1
A(r)
dr2 + r2dΩ2d−2 , (26)
where Ωd−2 is the metric of the d − 2 hyper-sphere. This hyper-sphere can be spherical,
hyperbolic or planar for respectively k = 1,−1, 0, and is denoted by a metric σij, with
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indices i, j = 2, ..., d− 1, and a determinant σ. The contribution of each Lovelock scalar to
the field equations is given by
√−g G(p)00 = −
√
σ
2
(d− 2)!
(d− 2p− 1)!B
(
rd−2p−1 (k − A)p)′ , (27)
√−g
(
G(p)00 − G(p)11
)
= −√σp (d− 2)!
(d− 2p− 1)!r
d−2p−1 (k − A)p−1AB′ , (28)
where the prime denotes the derivative with respect to the radial coordinate r. Therefore,
using the rescaled coupling constants α˜p, the second equation yields
√−g (G00 − G11) = −√−σ(d− 3)A
[
t∑
p=0
p α˜pr
d−2p−1 (k − A)p−1
]
B′ = 0 . (29)
If the term in square brackets vanishes we find the special degenerate vacuum solution
discussed in [24]. If it does not vanish, we find B = 1, so that the equation (27) can be
integrated to give
− 2
∫
M
ddx
√−g G00 = (d− 2)V
t∑
p=0
α˜pr
d−2p−1 (k − A)p = MGMS , (30)
where V is the volume of Ωd−2 and MGMS is the generalized Misner-Sharp quasi-local mass.
Therefore, Lovelock black holes can be found in four dimensions via the procedure of rescaling
the coupling constants, evaluating the field equations and then setting d = 4.
Finally, we compute the Wald entropy of these solutions in terms of α˜p, as there is in
this case a departure from higher dimensional Lovelock gravity. first, the Wald entropy is
defined as
SW = −2pi
∫
Ωd−2
√
σ
(
∂L
∂Rµναβ
)
µναβd
2x , (31)
with µν the binormal to the horizon Ωd−2, which is defined by µνµν = −2, 01 = −10 = 1;
the other components are vanishing. We recall that, in this expression, the derivative of
the Lagrangian with respect to the Riemann tensor is evaluated on-shell. Finally, σ is the
determinant of the induced metric on the horizon.
For B(r) = 1 and A (r) solution of (30) with MGMS ≥ 0,
SW = 2piV
t∑
p=0
p α˜p
d− 2
d− 2p k
p−1rd−2pH (32)
where rH (MGMS) is the horizon radius.
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Contrary to the previous cases, there is a remaining pole in the expression (32), namely
at the critical order p = d/2, that corresponds to a regularization of the Gauss-Bonnet scalar
in four dimensions. If we consider the limit, we have
SW (p→ d/2) = 2pi(d− 2)V ld−2
{
d
2(d− 2p) +
[
−1
2
+ log
(rH
l
)d/2]}
+O (d− 2p) (33)
where α˜p = l
2(p−1) and l is a length scale associated with this order of correction. In order
to get a finite result we must therefore subtract the constant divergent term. But this does
not seem a problem because, being a state function, the action is defined up to a constant.
Then, the only non-constant term in the limit p→ d/2 is a logarithmic correction, which is
in agreement with Eq. (25) of [2] for d = 4.
III. CUBIC AND HIGHER ORDER LOVELOCK GRAVITY IN FOUR DIMEN-
SIONS
In this section we mainly focus on the four dimensional cubic Lovelock gravity. In this
case the Lovelock action (2) is truncated at t = 3, becoming
S =
∫
M
ddx
√−g
[
−2Λ0 +R + α
(d− 3)(d− 4) G +
β
(d− 3)(d− 4)(d− 5)(d− 6) L3
]
. (34)
As the previous results show, it is possible to evaluate the field equations for a specific ansatz
and then set d = 4. At the end of this section, we will also investigate some arbitrary order
black holes and assess their singularity behaviour.
A. Dynamical analysis in the flat case
We found in Sec. II A that de Sitter solutions are allowed. In this section we want to
assess their stability in a flat FLRW. To this end, we apply the standard dynamical system
analysis to the Friedmann equations (23), (24) in the limit d→ 4, obtaining
J2
(
1 + αJ2 + βJ4
)
=
1
6
(2Λ0 + ρ) , (35)(
Q2 − J2) (1 + 2αJ2 + 3βJ4) = −1
4
(ρ+ P ) . (36)
For simplicity, from now on we assume that the fluid is barotropic such that P = ωρ, with
ω a constant equation of state parameter. Moreover, we focus on the flat case, i.e. the case
k = 0, where J2 = H2 and Q2 − J2 = H˙.
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We now study the fixed points and their stability of the equations above. In the flat case,
equation (35) reads
H2 =
1
6
(2Λ0 + ρ)− αH4 − βH6 . (37)
We define
x = H2 and y =
ρ
6
, (38)
so that equation (37) becomes
x = y +
Λ0
3
− αx2 − βx3 . (39)
Since this equation does not contain derivatives of the variables x and y, it acts as a con-
straint. Similarly, equation (36) in the flat case becomes
H˙ = −3
2
(1 + ω)
y
1 + 2αx+ 3βx2
. (40)
We can rewrite the equations using the e-folding number N ≡ ln a. From the definition (38)
we obtain
d
dN
ln(x) =
2
H
dH
dN
= 2
H˙
H2
, (41)
which can be written as a function of the dynamical variables using Eq. (40), obtaining
dx
dN
= −3(1 + ω) y
1 + 2αx+ 3βx2
. (42)
The second dynamical equation for y(N) can be found using the definition of y in Eq. (38),
and the perfect fluid equation (25). We obtain
dy
dN
= −3(1 + ω)y . (43)
Finally, the system of equations (42)–(43) must also satisfy the constraint (39), which yields
to the single differential equation
dx
dN
= −3(1 + ω)x−
Λ0
3
+ αx2 + βx3
1 + 2αx+ 3βx2
(44)
Note that the equation is well-defined provided the further condition 1 + 2αx + 3βx2 6= 0
holds. In particular, in the case β = 0, the system is ill-defined if x = −1/2α.
The stationary points can be found by setting dx/dN = 0 in the equation above. If
ω 6= −1, they are given by the equation
x+ αx2 + βx3 =
Λ0
3
. (45)
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In general, if we increase the number of terms of the Lovelock series beyond the third order,
we may have more stationary points. Moreover, if the bare cosmological constant Λ0 is null,
x = x0 = 0 is a stationary point for any order. In such a case, if y = 0 (that is no matter
content), this point corresponds to a Minkowski metric.
In particular, in the case of β = 0, the explicit two solutions of (45) are given by
x± = −3±
√
9 + 12αΛ0
6α
(46)
from which, when Λ0 = 0, we obtain the points x− = 0, which corresponds the the Minkowski
solution mentioned above, and x+ = −1/α, that corresponds to the de Sitter solution
provided α < 0.
The next step is to assess the stability of the stationary points. We first consider the t = 2
(β = 0) case and then generalize to higher orders below. We use the Hartmann-Grobman
theorem and study the linearised differential equations near a stationary point x0. Thus, we
linearise the right-hand-side of equation (44) and change variable to x˜ = x − x0 = x − x±.
The result is
dx
dN
= −3(1 + ω)
√
9 + 12αΛ0 ∓ 3αx˜√
9 + 12αΛ0 ∓ 6αx˜
= −3(1 + ω)x˜+ o[x˜2] . (47)
Since −3(1 + ω) is always negative for ω > −1 the stationary points x± are both stable
attractors. The result can be easily generalized to higher order of the Lovelock series. In
fact, the new terms introduce higher powers of x˜, leaving the linear one unchanged. Thus,
we find that at order t of the Lovelock series with Λ0 = 0, the system has always t fixed
points (which might also coincide, see e.g. see Fig. 4), which are stable attractors.
We compute some numerical results for the quadratic Lovelock theory case (β = 0).
The stream plot for ω = Λ0 = 0 is reported in Fig. 1 . The trajectories flow towards the
two stable stationary points. The red line corresponds to x = −1/2α, where the system is
ill-defined (see Eq. (44) and related discussion). We see that the trajectories are always
repelled by this line and so there are two disconnected solution regions. Indeed if the initial
value of x is less than −1/2α, the solution will eventually end in the Minkowski stable point
in finite time. On the contrary, if it originates from x > −1/2α, it eventually ends on the
de Sitter stable point. In Fig. 2 we show some solutions of the differential equation (42) for
different initial conditions x(N = 0).
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FIG. 1. Stream plot for β = 0, with α = −0.5, ω = 0 and Λ0 = 0. N increases in the directions
of the arrows, the red points are the stationary points and the red line corresponds to x = H2 =
−1/2α. The blue curve is the physical solution of the differential equation (44) for any initial
condition. We can note that H increases only in the region where ρ decreases
If higher-order Lovelock terms are taken in account we find a different behaviour. For
instance, if we consider the case β 6= 0, the procedure to find and study the stationary
points is the same. As mentioned above, all the stationary points are stable in the future.
From the algebraic equations of the stationary points, the analogous of Eq. (46) in the case
β 6= 0, when Λ0 = 0, we see that we should also impose the condition β ≤ α2/4 in order
to have real stationary points. The unacceptable values of x (see Eq. (44) and the related
discussion) in this case are
x1,2 = −α±
√
α2 − 3β
3β
. (48)
When the condition β ≤ α2/4 is satisfied, x1,2 are real numbers. If, in addition to this
condition, we also consider α < 0 and β > 0, then x1,2 > 0. Although the explicit equations
for the stationary points are straightforward to obtain, in order to avoid reporting cum-
bersome formulas, we limit ourselves to show the plot of the phase space in Fig. 3. The
13
FIG. 2. Plot of the solutions of (42) as a function of the number of e-foldings N = ln(a). We
choose α = −0.5, β = 0, ω = 0 and Λ0 = 0. The different solutions have different initial conditions
for H2(N = 0) (whose value can be read directly from the plot). The dashed line represents the
unacceptable values for H2 given by the equation H2 = −1/2α. Note that the solutions with
initial conditions on the attractor remain constant, while the other solutions evolve towards the
attractor.
case β = α2/4 deserves a particular attention. We have two coincident stationary points at
x = 2/a1 (besides the usual one at x = 0) while the unacceptable values are at x = −2/(3α)
and x = −2/α. Note that the latter coincides with the standard stationary point. In Figure
4 we show the phase space in this particular case. We see that the coincident fixed points
are still future attractors and that the solution trajectory is still physically viable since it
indicates a decreasing H together with a decreasing energy density ρ.
From a cosmological point of view then, truncations of the Lovelock series may predict
the current expansion of the Universe with a very large effective cosmological constant even
if the bare cosmological constant is set to zero. In fact, for instance in the case β = 0, the
effective cosmological constant is given by x− = −1/α, which can be arbitrarily large if α is
small as expected from considering the Gauss-Bonnet term as a small correction to GR. It
is unclear if a particular combination of the coupling constants in the case of t  3 might
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lead to a small effective cosmological constant.
FIG. 3. Stream plot for the third-order case, with α = −0.5, β = 1/5, ω = 0 and Λ0 = 0 (Mp = 1),
with matter perfect fluid (ω = 0). In this case, the right-region the physical trajectory (blue line)
represents a viable solution with both H and ρ decreasing in time.
B. Vacuum solutions
In this section we study the Friedmann equations (23) and (24) in the absence of any
type of matter. We find that bouncing solutions exist in the case of positive curvature, even
if the bare cosmological constant Λ0 is set to zero.
We have two classes of solutions. The first is
Q2 = J2 and 1 + αJ2 + βJ4 = 0 , (49)
from which we get
J2 = − α
2β
(
1±
√
1− 4β
α
)
= Q2 , (50)
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FIG. 4. Stream plot for the third-order case, with α = −0.5, β = 1/4, ω = 0 and Λ0 = 0. Two
fixed points now coincide on a repellor line. Also in this case, the physical trajectory (blue line) is
a viable solution.
where we assume β ≤ α
4
. Therefore the first equation in (49) can be written as a¨(t) = J2a(t),
with J2 = const. By choosing an appropriate initial condition we find a bouncing solution
a(t) = a0 cosh (|J | t) , (51)
H(t) = J tanh (|J | t) , (52)
where a0 =
√
k/J is the integration constant fixed by the condition H2 + k/a2 = J2. The
condition k > 0 follows and shows that a cosmological bounce is possible if the spatial
curvature is positive. In fact, this is the usual bounce of the de Sitter patch with k > 0.
The second class of solutions is
1 + αJ2 + J4 = 0 and 1 + 2αJ2 + 3βJ4 = 0 , (53)
with J2 6= Q2. We find (for β > 0)
J = ±β−1/4 with α = −2
√
β < 0 . (54)
This gives a differential equation for the scale factor
a˙2
a2
= J2 − k
a2
, (55)
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which has a regular bouncing solution
a(t) =
√
k
J
cosh (|J | t) , (56)
for k > 0 as for the previous case, but for a different value of J2.
In conclusion this model admits cosmological bouncing solutions, which corresponds to
the the Sitter solution with positive spatial curvature, even when the bare cosmological
constant vanishes. As for the fixed points studied in the previous sections, cosmological
bounces occur only for certain ranges of the parameters α and β for the truncated series. In
the case of infinite terms of the Lovelock series, the bouncing solutions simply corresponds
to the de Sitter fixed point with k > 0, if they exists (namely if the polynomial function of
J2 in Eq. (23) has at least one positive zero).
C. Black hole solutions
In this section we start by considering black hole solutions in the case t = 3. To this end,
consider the line element Eq. (26). Setting d = 4, we can evaluate Eq. (29) and find
√−g (G00 − G11) = −√−σA
[
r + 2α
k − A
r
+ 3β
(k − A)2
r3
]
B′ = 0 . (57)
Therefore, if term in the square brackets is not null, we can set B = 1 without loss of
generality. This reduces the equation for the generalized Misner–Sharp quasi-local mass,
Eq. (30), to
−2
∫
M
d4x
√−g G00 = 2V
[
−Λ0
3
r3 + r (k − A) + α(k − A)
2
r
+ β
(k − A)3
r3
]
= MGMS . (58)
Considering a truncation of Lovelock theory at quadratic order (β = 0), we obtain the black
hole solution found in [1, 2]
A
(2)
± (r) = k −
r2
2α
[
−1±
√
1 + 4α
(
2M
r3
+
Λ0
3
)]
. (59)
where M = MGMS/4V . Similarly, it is possible to find a generalization of this black hole
considering the next curvature correction and setting β = α2/3 in order to have a single real
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vacuum,
A(3)(r) = k − r
2
α
[
−1 + 3
√
1 + 3α
(
2M
r3
+
Λ0
3
)]
. (60)
For spherical topology (k = 1) and positive bare cosmological constant Λ0, this solution
describes a black hole with Schwarzschild-de Sitter behaviour at r →∞.
Looking at the mass function M(rH) (see the case t = 2 in Fig. 7), we see that, unless
extremal, the black hole possesses three horizons for generic values of α, M and Λ0: a
cosmological horizon (due to Λ0 6= 0), as well as an event and an inner horizons.
FIG. 5. Plot of the Wald entropy (32), as a function of the horizon radius rH , in the case t = 3,
with α2 = l
2 and different values of α3.
Concerning its Wald entropy, we plot in Fig. 5 the general case for α 6= β. Among the
curves in the plot, consider the ones associated with theories satisfying β = α3 > 0. As
we can see, the entropy vanishes at some small positive values of rH in this case. Indeed,
for the solution (60) we have SW (rH =
√
α/2) > 0, while SW (rH =
√
α) < 0. This is also
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the regime at which the black hole can be extremal, so that a vanishing entropy can be
expected: the extremal regime is determined by M ′(rH) = 0, so that neglecting for now the
cosmological constant we obtain that the horizon radius of the extremal black hole is given
rH =
√
α
√
1+
√
5
2
, proportional to the square-root of the golden ratio.
Focusing again on the solution (60), we note that is less singular at the (static) center
with respect to the solution in Eq. (59). In fact, in the first case the metric function A
behaves as
A(r → 0) = 1− r
(
6M
α2
)1/3
+
r2
α
+O
(
r3
)
, (61)
which contains a linear correction in the radius r, instead of a
√
r term coming the Gauss-
Bonnet contribution alone. Therefore, it is interesting to investigate what happens for a
large number t− 1 of curvature corrections.
FIG. 6. Plot of the black hole solution (62), as a function of the radius r, for different values of
the Lovelock order parameter t. In this plot we set k = 1, α = 1, M = 1, Λ0 = 0.1.
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In order to do so, consider the space of solutions
{
A(t)
}
t>0
, which contains the black hole
solutions up to an arbitrary truncation t. The question is whether there are trajectories
A(t) (given by a set of coupling constants αt) such that A
(1) is the Schwarzschild de-Sitter
solution of GR, and A(t→∞) is a regular solution. A straightforward generalization of the
previous black hole solutions yields to
A(t)(r) = k − r
2
γ
[
−1 + t
√
1 + t γ
(
2M
r3
+
Λ0
3
)]
, (62)
where γ = 23−t α and the coupling constants are choosen to be
α˜p =
γp−1
t
(
t
p
)
. (63)
This class of solutions indeed approaches regularity (in particular flatness) as its curvature
invariants vanish for t → ∞. For example, neglecting the cosmological constant, the Ricci
scalar for t→∞ is given by
R =
3
γt
(
−7 + 4 log
[
2Mtγ
r3
])
→ 0. (64)
A plot of the black hole solutions in Eq. (62) is shown in Fig. 6 for different values of t.
We also plot the mass function in Fig. 7. As one can notice, the horizons structure is very
similar for all the cases plotted with t > 1.
Moreover, we note that with the choice of the couplings in Eq. (63), in the case Λ0 = 0, we
select theories with a unique vacuum, similarly to Lovelock-Born-Infeld and Chern-Simons
gravities in higher dimensions, see for example [30–32]. On the contrary, for Λ0 > 0, the
vacuum is dS4, with an effective cosmological constant
Λeff =
−1 + (1 + tγΛ0
3
)1/t
γ
, (65)
which approaches the zero value as the number of curvature corrections increases, while
reducing to Λeff = Λ0/3 for t = 1 or γ → 0.
The last step is to find the form of the action with the choice of couplings in Eq. (63). The
action of these theories is of the form
∑
αpRp =
∑
α˜pR˜p, where R˜ contains the dimensional
poles coming from the use of α˜ and we drop the indices for simplicity. Thus we get that the
contributions to the action are given by
L(t) ≈ −2Λ0 +
−1 +
(
1 + γR˜
)t
tγ
. (66)
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FIG. 7. Plot of the mass of the black hole, as a function of the horizon radius rH , for different
values of the Lovelock order parameter t. The equation for the mass is obtained inverting A(t) in
Eq. (62) evaluated at the horizon radius rH . In this plot we set α = 1, M = 1, Λ0 = 0.1.
Another way to understand the internal structure of the black hole solutions is to con-
sider the regime where the term of largest order in the curvature series (multiplied by αt)
dominates over the low energy ones, i.e. αpLp  αtLt for p < t, so that a single term
remains in the Lovelock series, which becomes a pure Lovelock theory, see for example [33].
In that case the black hole solution is given by
ds2 = −
(
k − r
2
l2
t
√
2Ml2
r3
)
dt2 +
1
k − r2
l2
t
√
2Ml2
r3
dr2 + r2dΩ22 , (67)
where we set α˜t = l
2(t−1), with l a very small length scale with respect to the other neglected
coupling constants. Therefore, the solution becomes less and less singular as the order of
the Lovelock term t→∞ because it approaches a de Sitter solution. For example, its Ricci
scalar is given by
R =
3(t− 1)(4t− 3)
l2t2
(
2Ml2
r3
)1/t
→ 12
l2
. (68)
Concerning the existence of non-singular black hole and cosmological solutions in the non-
perturbative case (t→∞), see [10].
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IV. CONCLUSIONS
In this paper we have explored Lovelock-Lanczos gravity of generic order p by using a non-
standard prescription, which makes it non-trivial at and beyond the critical order d ≤ 2p,
for any dimensions d > 2. This leads to almost dimensional independent results, and allows
to find well-defined results for FLRW and spherically symmetric spacetimes, as well as at
first order in perturbation theory on (anti-)de Sitter backgrounds, in four dimensions.
In the framework of cosmological solutions, the main difference between this theory and
standard GR is the existence of one or more de Sitter vacua. This fact is important for
the phenomenology of both Late and Early Universe. In the former case, a quite generic
stable de Sitter attractor is a desirable feature since it avoids the introduction of a fine-
tuned cosmological constant. In the former case, de Sitter solutions with positive curvature
are naturally endowed with a bounce that removes, in principle, the inflationary problem.
Another very interesting feature of this model is that the perturbation equations are the
same as in GR, at least at the first order. This is of particular relevance since it indicates
that the addition of Lovelock terms modifies the background evolution but, maybe, leaves
untouched the standard evolution of large structures. Concerning the black hole solutions
of this theory, we saw that the curvature singularities can be cured by considering the
non-perturbative limit (t→∞).
Together with the fact that the first correction yields a logarithmic entropy, this might
indicate that this regularized theory could constitute a suitable effective action for gravity.
In this spirit, it would be interesting to compare with the so-called (Generalized)-Quasi-
Topological gravities which were found to constitute a very general effective (metric) theory
of gravity [34, 35]. As these theories share many features with Lovelock-Lanczos models, in
particular the possibility to be regularized2, it might be interesting to consider both at the
same time and reiterate some investigations about arbitrary order black holes [37], as well
as for example geometric inflation and regular cosmological solutions [38].
Moreover, as we saw, these kinds of theory can have more than one vacuum, so that they
can provide a natural high energy AdS4 vacuum, in addition to the usual dS4 one of GR
with a cosmological constant. Thus, this branch of the theory’s dynamics might be possible
2 Indeed, it can be checked that the limit d→ 4 of the theory given in Eq(2.9) of [36] and Eq(3.10) of [6],
which has a pole 1/(d−4), can be taken after evaluating it to (dynamical) spherical symmetry, see Eq(30)
of [10].
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to investigate with the tool of the AdS/CFT correspondence. Finally, the precise relation
between the regularized theory admitting the family of black hole solutions Eq(62) with a
unique vacuum and Lovelock-Born-Infeld or Lovelock-Chern-Simons gravities [30–32] should
be investigated further.
However, the number of sectors for which this prescription works is still quite reduced,
and it would be very interesting to find similar regularization of Lovelock gravity for rotat-
ing black holes or anisotropic cosmological backgrounds, in order to understand better the
possible measurable effects induced by these terms.
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